Fluorescent monitoring of DNA ampli®cation is the basis of real-time PCR, from which target DNA concentration can be determined from the fractional cycle at which a threshold amount of amplicon DNA is produced. Absolute quanti®cation can be achieved using a standard curve constructed by amplifying known amounts of target DNA. In this study, the mathematics of quantitative PCR are examined in detail, from which several fundamental aspects of the threshold method and the application of standard curves are illustrated. The construction of ®ve replicate standard curves for two pairs of nested primers was used to examine the reproducibility and degree of quantitative variation using SYBER â Green I¯uorescence. Based upon this analysis the application of a single, wellconstructed standard curve could provide an estimated precision of T6±21%, depending on the number of cycles required to reach threshold. A simpli®ed method for absolute quanti®cation is also proposed, in which quantitative scale is determined by DNA mass at threshold.
INTRODUCTION
Kinetic PCR (kPCR) allows quanti®cation of a target DNA within a sample, with the advantage that sensitivity is independent of copy number (1±4). The key aspect differentiating kPCR from previous quantitative PCR methodologies is that target copy number is determined from the fractional cycle at which a threshold amount of amplicon DNA is reached (threshold cycle or C t ), set at a point where amplicon DNA just becomes detectable, but is still within the exponential phase of the ampli®cation (5±7). This approach ensures that interfering factors associated with the late stages of ampli®cation are minimized, and provides the potential for unprecedented precision for quantitative determinations.
Although several methods have been developed to measure C t , all are based upon¯uorescent monitoring of amplicon DNA generation (8±10). Absolute quanti®cation can be achieved using a standard curve, constructed by amplifying known amounts of target DNA in a parallel group of reactions run under identical conditions to that of the sample (7, 11) . Standard curve preparation is both labour intensive and error prone, with quantitative accuracy being dependent on both the accuracy of DNA standard quanti®cation and the quality of standard curve construction (1, 12, 13) .
In this study, a detailed examination of the mathematics governing PCR yielded insights into the process of quantitative kPCR and into some of the fundamental aspects of the threshold method. This provided a foundation from which to examine the reproducibility of standard curve construction. Assessment of intra-and inter-run variation indicates that a substantial degree of precision can be achieved, even with the application of a single standard curve to multiple runs. An alternative approach is also proposed in which quantitative scale is determined by DNA mass at threshold, such that absolute quanti®cation would only require determination of ampli®cation ef®ciency.
MATERIALS AND METHODS
The DNA standard consisted of a 218 bp amplicon produced by the K3/K2 primer pair (forward K3: GGCACCTC-AGGAATGGGCTATTACAA and reverse K2: AGAATA-ACACAGAAATCTGTAGGTGGAATTGAA) that was puri®ed by chloroform extraction followed by isopropanol precipitation, and quanti®ed by averaging three replicate A 260 absorbance determinations conducted on two spectrophotometers. A second 102 bp amplicon was produced by pairing of K2 with another primer (forward K1: TCCTATGAGATTATGACGCATTTCTCCAAA) located near the center of the K3/K2 amplicon. The primer pair combinations of K3/K2 and the nested K1/K2 thus allowed the production of two different-sized amplicons (218 and 102 bp, respectively) using the same DNA standard dilution series.
PCR ampli®cations were conducted using QuantiTectÔ Syber â Green PCR Kit (Qiagen Inc.) according to the manufacturer's instructions, with 0.25 mM primers and a variable amount of DNA standard in a 35 ml ®nal reaction volume. Thermocycling was conducted using an Opticon2 DNA Engine (MJ Research Inc.) initiated by a 15 min incubation at 94°C, followed by 45 cycles (90°C, 1 s; 62°C, 120 s) with a single¯uorescent reading taken at the end of each cycle. Each run was completed with a melting curve analysis to con®rm the speci®city of ampli®cation and lack of primer dimers. C t values were determined by the Opticon2 software using a¯uorescence threshold manually set to 0.0160 *To whom correspondence should be addressed. 
RESULTS

Mathematics of quantitative kPCR
The basic equation describing PCR ampli®cation is:
where C is the number of thermocycles, E is ampli®cation ef®ciency (also expressed as %E = E Q100%), N C is the number of amplicon molecules and N 0 is the initial number of target molecules. In simple terms, each thermocycle produces an increase in N C in proportion to ampli®cation ef®ciency, such that 100% ef®ciency produces a doubling in the number of amplicon molecules. Additionally, the quantity of N C present after any speci®c number of thermocycles is dependent on N 0 . Rearrangement of equation 1 provides the mathematical relationship upon which quantitative kPCR is based:
Quanti®cation of N C thus allows N 0 to be calculated if ampli®cation ef®ciency is known. A major breakthrough for quantitative PCR came with the use of DNA¯uorescence to monitor amplicon accumulation (3, 5) . Based upon this technique Higuchi et al. (5) developed an elegant method that simpli®es N C determination, such that individual ampli®cation reactions are compared at the point at which they contain identical amounts of amplicon DNA. This is accomplished by selecting a¯uorescent threshold (F t ) from which the fractional thermocycle (C t ) is calculated that de®nes the theoretical point at which each ampli®cation reaction reaches uorescence threshold. Under this`threshold' method, N C becomes a constant such that equation 2 becomes:
where C t is the threshold cycle and N t is the number of amplicon molecules at¯uorescent threshold. Absolute quanti®cation can be achieved using a standard curve constructed by ampli®cation of known amounts of target DNA and plotting the resulting C t values against target DNA concentration. The mathematical basis of a standard curve can be derived by taking the logarithm of equation where E S is the slope-derived estimate of ampli®cation ef®ciency.
Although the ability to derive ampli®cation ef®ciency from the slope of a standard curve has been widely reported, it has not been generally recognized that the number of amplicon molecules at threshold can be directly determined from the intercept. It must also be stressed that these derivations are valid only if all PCR reactions have identical ampli®cation ef®ciencies, and only if ampli®cation ef®ciency is invariant over the number of thermocycles required to reach C t .
Another important but often overlooked aspect of the threshold method is the interdependency of C t and N t on F t , which has two important implications. First, C t values generated from different ampli®cation runs can be directly compared only if an identical F t is used for each run. Second, the relationship between N t and F t is dependent on amplicon size. This is due to the fact that the underlying determinant of F t is DNA¯uorescence, which in turn has a linear relationship with DNA mass. As such F t directly re¯ects DNA mass at threshold, which is related to N t as described by:
where M t is the DNA mass at threshold in nanograms, A S is the amplicon size in base pairs and 9.1 Q 10 11 is the number of single base pair molecules per nanogram. A less obvious but potentially signi®cant extension of this is that if M t is known, N t can be predicted for any amplicon of known size, if it is assumed that amplicon size and base pair composition do not signi®cantly in¯uence DNA¯uorescence. To test the general utility of PCR mathematics for standard curve evaluation and to examine the effectiveness of M t for predicting N t , a series of replicate standard curves was constructed for two amplicons that differ signi®cantly in size.
Experimental design for constructing replicate standard curves Figure 1 is an example of the two types of graphic output generated by the instrument used in this study, and illustrates the two basic steps in quantitative kPCR using the threshold method, i.e. the selection of a¯uorescent threshold from which C t values are generated (Fig. 1A) , followed by linear regression analysis of a Log(N 0 ) versus C t plot, from which E S and N t are estimated (Fig. 1B) .
The major consideration for F t selection is that it falls within the exponential phase of the ampli®cation reaction, best illustrated by plotting log¯uorescence versus cycle number (Fig. 1A) . As long as F t is within this log-linear region, the absolute value of F t was found to have only a modest impact on the slope-derived estimate of ampli®cation ef®ciency (data not shown). However, as outlined above, F t does have a direct impact on both C t and N t such that F t must be ®xed if data from multiple runs are to be directly compared.
To evaluate the reproducibility and quantitative variation of the threshold method, ®ve replicate standard curves were e93 Nucleic Acids Research, 2003, Vol. 31, No. 16 generated from two pairs of nested primers (K3/K2 and K1/K2, see Materials and Methods for additional details) using a DNA standard dilution series covering six magnitudes of target DNA concentration. The use of nested primers allowed two different-sized amplicons (218 and 102 bp, respectively) to be ampli®ed side-by-side within the same run, using the same DNA standard dilution series. Intra-and interrun variation could then be examined for each of the two amplicons, free of errors caused by variations in the DNA standard. Using an identical F t for all runs, the average C t of four replicate ampli®cations for each DNA concentration were used in the analysis (Table 1) . A spreadsheet containing the individual C t values and the calculations used for their analysis is provided as Supplementary Material.
Intra-and inter-run variation in C t
As an initial step for evaluation of quantitative precision, the reproducibility of ampli®cation under our experimental conditions was estimated, based upon the standard deviation in C t values generated from replicate ampli®cations. Moreover, due to the exponential scale of C t , the impact of its variation can be dif®cult to assess, and thus the standard deviations in C t were also used to estimate the variation in percent molecules based upon the equation:
where SD is the standard deviation in C t generated from replicate ampli®cations.
Overall the standard deviation in C t of replicate ampli®ca-tions ranged from 0.036 to 0.367 cycles, with an average of 0.183 cycles (Table 1 and Supplementary Material). This corresponds to an estimated variation in molecules that ranges from T2.3 to T26.6% with an average of T12.4%, using an ampli®cation ef®ciency of 90% taken from the slope-based estimate of ampli®cation ef®ciency determined below.
Based upon the average standard deviation produced from each individual run, estimates of the intra-run variation were similar for both amplicons, ranging from T9.6% to 14.9% of molecules (runs 1±5, Table 1 ). When combined with inter-run variation, this increased to T17.4 and T21.3% of molecules for each amplicon, respectively, based upon averaging the standard deviation in C t for each DNA concentration from all runs (`Combined', Table 1 ). These variations, although signi®cant, indicate that C t values have an acceptable level of reproduciblity over the six magnitudes of target DNA concentration that were examined.
Standard curve construction and evaluation
Evaluation of the quantitative variation between replicate standard curves was conducted by generating N t and %E S values for each ampli®cation run listed in Table 1 . This was done by exporting the C t values into a spreadsheet, and calculating the slope and intercept for each run using linear regression analysis of log(N 0 ) versus C t . Two methods were then used to assess the quantitative variation between the ®ve replicate standard curves constructed for each of the two amplicons ( Table 2 ). The resulting standard curve generated by plotting the log of target DNA concentration versus threshold cycle. Linear regression analysis is used to determine the slope and intercept, which correspond, respectively, to the ampli®cation ef®ciency and the number of amplicon molecules at threshold, as described by equation 4.
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Examination of the absolute values of N t and %E S revealed similar trends for both amplicons, with an inter-curve variation in %E S of T2.2 and T2.1%, and variation in N t of T19.0 and T14.7%, respectively, as based upon their standard deviations (Table 2 ). Taken individually, the magnitude of variation in %E S and N t suggests the resulting variation in N 0 determination could be large. For example, for a C t of 25 cycles, a T2.2% variance in the estimate of ampli®cation ef®ciency would produce an approximate T33% variation in N 0 that, when combined with the apparent T19% variance in N t , could produce an overall variation of about T52% for N 0 . It must be noted, however, that further examination suggests that these estimates of variance are most certainly erroneous, due to an apparent intra-curve correlation between slope and intercept.
Comparing the %E S and N t values generated from each individual standard curve reveals that for both amplicons, the curve that produced the highest %E S also produced the highest N t (Table 2 , K1/K2, run 2 and K3/K2, run 1). Similarly, the standard curves producing the lowest %E S also had the lowest N t (Table 2 , K1/K2, run 1 and K3/K2, run 5). Taken together, these trends suggest that variations in intercept and slope are not solely caused by inter-run variation in instrumentation and/or ampli®cation, but also re¯ect an innate characteristic of linear regression in which variations in slope can be compensated for to some degree by a corresponding variation in intercept.
This can be best illustrated through an alternative approach to evaluating quantitative differences produced by replicate standard curves. As illustrated in Table 2 , inter-curve variation can be estimated by comparing the calculated N 0 for a series of simulated C t values using equation 3. Thus, for the ®ve standard curves constructed from the K1/K2 amplicon, the calculated N 0 for C t =10 cycles ranges from 3.67 Q 10 7 to 4.64 Q 10 7 molecules, with an average of 4.13 Q 10 7 molecules and a standard deviation corresponding to T8.7% of molecules (Table 2) . Furthermore, a general increase in variation is observed with increasing C t such that for C t = 30 cycles, a variation of T18.1% of molecules is produced. Very similar results were produced by the larger K3/K2 amplicon (Table 2) .
Overall, this analysis demonstrates that quantitative variations produced by replicate standard curves can be relatively small, ranging in this study from a low of about T6% to a high of about T21% depending on the number of cycles needed to reach threshold. The observed inter-curve variation in the absolute values of slope and intercept also suggests that curvebased estimates of ampli®cation ef®ciency and N t require a larger data set than would normally be used for construction of a single standard curve. Indeed, the relative accuracy of the N t estimates for each of the two amplicons can be tested through the correlation of their respective M t values, as described by equation 7. Based upon the N t values derived from each respective`combined' data set, the estimated M t values differ by 7.3% (Table 2 ). This provides support for both the optical precision of the instrumentation and similarity in the SYBER â Green I¯uorescent characteristics of these two amplicons.
DISCUSSION
Despite the extensive use of the threshold method for absolute quanti®cation, there exists a paucity of studies that have examined the utility of the underlying mathematics. Furthermore, the general simplicity and widespread use of standard curves has led to the automation of quantitative determinations, which can obscure the mathematical principles upon which the analysis is based. Familiarity with the At the most basic level, the threshold method does not generally provide an effective indication of quantitative precision or accuracy. Although the standard deviation in C t produced from replicate ampli®cations can provide an estimate of reproducibility, there is a general de®ciency in reporting the errors associated with standard curve construction. This makes it dif®cult to evaluate the effectiveness of any speci®c quantitative determination, or of comparing results produced by different studies. As was demonstrated in this study, a basic assessment of standard curve construction can be conducted, if it is understood that slope and intercept are directly correlated to ampli®cation ef®ciency and the number of amplicon molecules at threshold (N t ), respectively.
In this study, comparison of replicate standard curves revealed potentially large inter-curve variations, based upon the absolute values of slope and intercept. This initially led to the conclusion that this was caused by substantial inter-run variations in ampli®cation and/or instrumentation. However, upon closer examination, an intra-curve correlation between slope and intercept became apparent, such that differences in slope are compensated for to a signi®cant degree by corresponding differences in intercept.
This can be demonstrated through simple mathematical modeling, in which the initial number of target molecules (N 0 ) is calculated for a series of simulated C t values (equation 3, Table 2 ). This showed that despite the differences in the absolute values of ampli®cation ef®ciency and N t , the resulting N 0 values generated by each standard curve were unexpectedly similar. Based upon this analysis the application of a single, well-constructed standard curve could provide an estimated precision of T6±21% of molecules, depending on the number of cycles required to reach threshold.
Notwithstanding the interrelationship of slope and intercept, it must be stressed that the mathematics of PCR dictate that ampli®cation ef®ciency and N t are independent entities. In reality N t is determined solely by the¯uorescent threshold (F t ), and as such its value is independent of the parameters impacting PCR ampli®cation. Indeed, this interrelationship between N t and F t has important practical implications, based on the principle that F t does not directly re¯ect the number of amplicon molecules, but rather DNA mass at¯uorescent threshold (M t ). This in turn dictates that M t could be used to predict N t for any amplicon of known size, if it is assumed that amplicon size and base composition do not signi®cantly impact DNA¯uorescence. Support for the validity of this assumption was provided by the N t estimates generated from the two amplicons used in this study, for which the predicted M t values differ by 7.3% (equation 7, Table 2 ).
The practical signi®cance of this becomes apparent if it is noted that N t is the sole determinant of scale (equation 3), the accuracy of which is dependent on the quantitative accuracy of the DNA standard used for standard curve construction. If, however, M t can be used to predict N t with suf®cient precision, a common quantitative scale could be applied to all amplicons. In addition to circumventing the necessity of preparing a quanti®ed DNA standard for each individual amplicon, the major source of variation in quantitative scale would become the optical precision of the instrument. Equally signi®cant is that absolute quanti®cation would be simpli®ed, requiring only determination of ampli®cation ef®ciency once M t has been established.
